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Topological protection of defect states from semi-chiral symmetry
Charles Poli and Henning Schomerus∗
Department of Physics, Lancaster University, Lancaster, LA1 4YB, United Kingdom
Matthieu Bellec, Ulrich Kuhl, and Fabrice Mortessagne†
Universite´ Nice Sophia Antipolis, Laboratoire de Physique de la Matie`re Condense´e, CNRS UMR 7336, 06100 Nice, France
(Dated: December 7, 2015)
Bipartite quantum systems from the chiral universality classes admit topologically protected zero
modes at point defects. However, these states are difficult to separate from compacton-like localized
states that arise from flat bands, formed if the two sublattices support a different number of sites
within a unit cell. Here we identify a natural reduction of chiral symmetry, obtained by coupling sites
on the majority sublattice, which gives rise to spectrally isolated point-defect states, topologically
characterized as zero modes supported by the complementary minority sublattice. We observe these
states in a microwave realization of a dimerized Lieb lattice with next-nearest neighbour coupling,
and also demonstrate topological mode selection via sublattice-staggered absorption.
Symmetry-protected zero modes are an ubiquitous fea-
ture of quantum systems exhibiting nontrivial topologi-
cal phases. Besides their possible realization in electronic
systems, these zero modes currently attract considerable
attention in photonics [1], where they enable robust uni-
directional transport [2–5] in analogy to the quantum hall
effect and topological insulators [6–12]. More generally,
zero modes can be created by topological defects and in-
terfaces [13–18], and display anomalous features [19–22]
that can be exploited, e.g., for topological mode selection
[23]. In all these settings, the topological considerations
invoke a combination of symmetry with the dimension-
ality of the bulk and the defects [24, 25]. For instance, a
two-dimensional system constrained only by conventional
time-reversal symmetry is topologically trivial. Corre-
sponding zero modes, spatially localized at line or point
defects, are usually not protected. To obtain nontriv-
ial stationary features, these implementations therefore
have to break or modify time-reversal symmetry or rely
on system designs that display an additional charge-
conjugation or chiral symmetry. The latter setting is
appealing as chiral symmetries emerge naturally in bipar-
tite lattices [26, 27] and place the systems into the same
universality class as represented by superconductors cou-
pled to strong topological insulators [28–30], meaning
that they now can support robust zero modes localized
at point defects [25] that can carry a fractional charge
and display anyonic statistics [31–35].
As another intriguing consequence of the chiral sym-
metry, many bipartite lattices of interest, such as the
Lieb lattice presented in Fig. 1(a), also exhibit flat bands
of zero modes supported by one of the two sublattices
(the majority sublattice, which contains more sites per
unit cell than the complementary minority sublattice)
[26, 27]. These flat bands provide a competing source
of (compacton-like) localized states that are degenerate
with any point-defect zero modes [36–43], and also mod-
ify constraints on the number of band touchings and
Dirac points exhibited by the symmetric dispersive bands
of propagating states [26, 27, 38–40], as illustrated in
Fig. 1(c).
Here, we describe how one can spectrally isolate
the point-defect states arising in this setting from the
compacton-like states of the flat band. This can be
achieved by a well-defined reduction of the chiral sym-
metry on the majority sublattice, which detunes the
compacton-like states due to their anomalous sublattice
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FIG. 1. (a) Lieb lattice with dimerized couplings u, u′, v,
v′, and next-nearest-neighbour couplings w, w′, w′′, w′′′ that
reduce the chiral symmetry. This lattice realizes a centered
dimerization defect (gray zones). (b) Picture of the exper-
imental microwave realization of the dimerized Lieb lattice.
The white bar corresponds to 12 mm. (c-e) Dispersion rela-
tion of the infinite system. The zero mode at the M point
(red dot) becomes spectrally isolated as one passes from (c)
uniform couplings u = v = u′ = v′ = 1 over (d) dimer-
ized couplings u = v = 4/3, u′ = v′ = 2/3, gapping out
the extended states, to (e) additional next-nearest-neighbour
couplings w = 0.4, w′ = w′′′ = 0.2, w′′ = 0.1, gapping out the
flat band. The inset in (e) shows the vicinity of the M point.
2polarization (imbalanced weight on the sublattices). This
situation, which we term semi-chiral symmetry, is real-
ized most naturally in the context of two-dimensional sys-
tems, where point-defect states residing on the minority
sublattice can be formed when Dirac cones are lifted [see
Fig. 1(d)]. The hybridization of the point-defect states
with the compacton-like states can then be prevented by
breaking the chiral symmetry on the majority sublattice,
which moves the flat band away from the chiral symme-
try point in the spectrum, as seen in Fig. 1(e). This
leaves behind a spatially localized zero mode supported
by the minority sublattice, on which the chiral symmetry
remains operational.
We first develop a general description of this semi-
chiral symmetry, and then focus on its concrete ex-
perimental implementation in a dimerized microwave
Lieb lattice with next-nearest neighbor couplings [see
Fig. 1(b)]. We observe that the point-defect zero mode
displays the expected symmetry-protection against a re-
stricted class of disorder, while generic disorder only af-
fects it very weakly. As an application, we demonstrate
that the anomalous sublattice polarization of the point-
defect state can be exploited for mode selection, which
we here achieve by inducing absorption onto the majority
sublattice.
Bipartite lattices with semi-chiral symmetry.— Let us
first discuss the formation of stable defect states in
the general context of two-dimensional bipartite lattices
[26, 27]. Such systems consist of two sublattices (A sites
and B sites) that are coupled together to result in the
following off-diagonal Bloch Hamiltonian [44],
h(k) =
(
0 tAB(k)
tBA(k) 0
)
, Eϕ = hϕ, ϕ =
(
ϕA
ϕB
)
.
(1)
Here tAB(k) = t
†
BA(k) describes the coupling of the A
sites to the B sites, whose amplitudes are collected into
vectors ϕA and ϕB . The coupling term tAB(k) is thus
an nA × nB matrix whose dimensions are given by the
count of sublattice sites in the unit cell. We set nA ≥ nB
and identify the A and B sites with the majority and
minority sublattice, respectively. Generically, there are
then nA−nB zero modes for any wavevector k, given by
the solutions of tAB(k)ϕA = 0 while ϕB = 0. These dis-
persionless states constitute the sublattice-polarized flat
bands. They are complemented by 2nB dispersive bands
of extended states that occur in pairs of opposite ener-
gies, while the Bloch wavefunctions carry equal weight
on both sublattices. All of these features are intimately
linked to the chiral symmetry, τzh(k)τz = −h(k), where
the Pauli matrix τz acts in sublattice space; in particular,
the sublattice polarization of the zero modes manifests a
chiral anomaly.
As k is varied over the Brillouin zone, the dispersive
bands can touch at E = 0, meaning that they cross
the flat band. This corresponds to situations where the
columns of tAB(k) become linearly dependent of each
other. We focus on scenarios where this happens at
discrete Dirac points k = kp (p integer). If a Dirac
point occurs at real k, one finds two additional zero
modes, obtained by the degeneracy of the finite-energy
states as k → kp. Exploiting that these states are
related by τz, they can be combined into a mode ϕ+
on the majority sublattice, as well as a mode ϕ− on
the minority sublattice—which then obeys ϕ−,A = 0,
tAB(kp)ϕ−,B = 0. We now aim to spatially confine and
spectrally isolate the state ϕ−.
In order to create, as a first step, spatially localized
variants of this mode, we have to consider situations
where the Dirac point is lifted, so that it lies in the com-
plex k-plane and describes evanescent zero modes. We
identify three important features of these modes — (i)
they appear in pairs of distinct wave vectors k±, (ii) they
are supported by opposite sublattices, and (iii) in a finite
geometry, only one of them can be compatible with the
boundary conditions. In detail, the mode ϕ+ localized
on the majority sublattice corresponds to the case of lin-
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FIG. 2. Experimental results for the microwave realization
of the semi-chiral dimerized Lieb lattice, with a defect state
localized in the corner (a-c) or in the center (d-f). (a,d) Den-
sity of states, with the point-defect zero mode shaded in light
gray and the flat band shaded in dark grey. (b,e) Spatial dis-
tribution of the zero mode. (c,f) Spatial distribution of the
flat band.
3early dependent rows of tBA(k+), while the mode ϕ− lo-
calized on the minority sublattice corresponds to linearly
dependent rows of tAB(k−). As tBA(k) = [tAB(k∗)]†, the
complex wave vectors k+ and k− = k∗+ are distinct and
describe states that decay into opposite directions. In a
finite system, the mode ϕ+ is automatically compatible
with the boundary conditions if the system is terminated
on the majority sublattice, while for ϕ− this is the case
for termination on the minority sublattice—the sites just
beyond the boundary then lie on the sublattice where
the amplitude of the mode vanishes. This zero mode is
then exponentially localized around a corner of the sys-
tem, while its sublattice polarization remains a manifes-
tation of the chiral anomaly. Furthermore, to move this
localized zero mode to an arbitrary position within the
system, we can create a crossing of line defects that join
four regions, in which the mode decays as one moves away
from the resulting point defect, as illustrated in Fig. 1(a).
The matching conditions are then automatically met if
the interface is formed by the appropriate sublattice.
Recall that this zero mode can still hybridize with the
flat band. The flat band can now be gapped out by in-
troducing symmetry-breaking terms tAA (but not tBB)
into Eq. (1), leading to a Bloch Hamiltonian of the form
h(k) =
(
tAA(k) tAB(k)
tBA(k) 0
)
. (2)
Note that this Bloch Hamiltonian fulfills [τzh(k)τz]BB =
[−h(k)]BB , which we take as the formal definition of
semi-chiral symmetry. While the final configuration does
not exhibit a global chiral symmetry, the symmetry is
thus still operational on the minority sublattice, and if
the point-defect mode was localized on this sublattice
neither its wavefunction nor its energy are affected. This
then leaves behind a spectrally isolated and spatially lo-
calized zero mode supported by the minority sublattice.
Realization of robust point-defect states in a modified
Lieb lattice.— The regular Lieb lattice [27] consists of
a square sublattice B, with additional sites A1 and A2
(forming the A sublattice) placed into the unit cell [gray
rectangle in Fig. 1(a)] so that they subdivide each hori-
zontal or vertical edge. This regular lattice has recently
been realized in photonic lattices, allowing to directly
observe the compacton-like states [36, 37]. Fig. 1(a)
shows a dimerized version of the Lieb lattice (with a cen-
tral defect obtained as discussed below), and Fig. 1(b)
its experimental implementation. This consists of an ar-
ray of 65 microwave cylindrical resonators (5 mm height,
8 mm diameter) made of ZrSnTiO (refractive index 6),
placed between two metallic plates [top plate not shown
in Fig. 1(b)]. The resonators possess a bare resonance at
ν = 6.65 GHz, which is well isolated within a large fre-
quency interval, and are coupled via the evanescent field,
with a distance-dependence that has been characterized
in detail in Refs. [45, 46]. Via a movable loop-antenna,
the reflected signal is measured over a given frequency
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FIG. 3. Experimental results for a disordered dimerized Lieb
lattice with a central defect state. Here the disorder fulfills
the condition Eq. (3). (a) Density of states, with the point-
defect zero mode shaded in light gray. (b) Spatial distribution
of the zero mode.
range using a vectorial network analyzer, which gives ac-
cess to the local and total density of states [46]. The
dominant coupling is between nearest neighbors (u, u′,
v, v′), but next-nearest neighbor couplings of sites on
the A sublattice [represented by w, w′, w′′ and w′′′ in
Fig. 1(a)] are appreciable, while direct couplings on the
B sublattice are negligible.
Figures 1(c-e) show the predicted evolution of the band
structure with the couplings, obtained by diagonalizing
the corresponding Bloch Hamiltonian [44]. Fig. 1(c) cor-
responds to the situation of a regular Lieb lattice with
uniform couplings u = v = u′ = v′ = 1 and w(i) = 0. The
band structure consists of a flat band of states supported
by the A sublattice and two dispersive bands of extended
states touching at a conical Dirac point, positioned at the
M point K0 = (pi, pi). As shown on Fig. 1(d), by intro-
ducing dimerized couplings u = v = 4/3, u′ = v′ = 2/3,
a gap 2∆, with ∆2 = (u − u′)2 + (v − v′)2, opens up
between the dispersive bands, while the flat band and
the point-defect state remain fixed at zero energy. This
corresponds to a virtual Dirac point at k± = K0 ± iA,
with A = [ln(u/u′), ln(v/v′)]. Additional next-nearest-
neighbour couplings w = 0.4, w′ = w′′′ = 0.2, w′′ = 0.1
make the flat band dispersive and move it to finite ener-
gies, while also breaking the symmetry of the dispersive
bands, but do not affect the defect state, as shown in Fig.
1(e). Without further modification, this defect would be
localized around the top right corner of system; as illus-
trated in Fig. 1 (a), the defect state can then be moved
along the edges and into the bulk by creating dimeriza-
tion line defects separating regions where the role of u
and u′ or v and v′ are interchanged.
Figure 2 shows the experimental results for configu-
rations where the point defect sits at the corner [Fig.
2(a-c)] or at the center [Fig. 2(d-f)] of the system. Fig.
2 (a) and (d) show the corresponding density of states
(DOS). In agreement with the scenario described above,
the next-nearest neighbor couplings break the symmetry
of the extended bands and isolate the zero mode (light
gray zone) from the original flat band (dark gray zone),
which now spreads over the whole system but remains
4mainly confined to the A sublattice [Fig. 2(c), (f)]. As
expected, the state associated with the spectrally isolated
peak displays a spatially localized profile with intensity
confined to the B sublattice [Fig. 2(b), (e)].
By construction, this state is insensitive to any disor-
der in the couplings w,w′, w′′, w′′′. Disorder in the cou-
plings u, u′, v, v′ modifies the wavefunction, but does not
affect its energy or sublattice polarization as long as each
plaquette fulfills the constraint
unmv
′
nmu
′
nm+1vn+1m = vnmu
′
nmunm+1v
′
n+1m, (3)
with couplings enumerated by the unit-cell index of the
corresponding A sites [see Fig. 1(a)]. In the continuum
limit, where the displacementA of the virtual Dirac point
can be interpreted as an imaginary vectorpotential, this
condition amounts to a vanishing pseudomagnetic field
induced by the deformation, ∇×A = 0.
Fig. 3 (a) shows the experimental DOS of a dimerized
Lieb lattice with a central defect and disorder that re-
spects the constraint (3). This disorder was generated on
the level of the tight-binding model, where the couplings
u′nm ∈ [(1−W )u′, (1+W )u′], vnm ∈ [(1−W )v, (1+W )v],
v′nm ∈ [(1−W )v′, (1 +W )v′] were chosen randomly from
box distributions with W = 0.175, while the couplings
unm were determined from the constraint (3). These
couplings were then translated into a compatible config-
uration of random displacements, which also introduces
disorder into the couplings w(i). In comparison with Fig.
2(d), we see that the disorder is sufficiently strong to
mix the extended states, but does not affect the energy
of the zero mode, which remains spectrally isolated. Fur-
thermore, the spatial distribution of this mode shown in
Fig. 3(b) exhibits the same localization as observed for
the nondisordered lattice in Fig. 2(e). Encouragingly
for practical applications, the state remains well local-
ized also for generic disorder, as the spectral isolation
of the state suppresses its sensitivity in a perturbative
treatment.
Mode selection via staggered absorption.— Our consid-
erations also carry over to an onsite potential on the A
sublattice. This includes the choice of an imaginary on-
site potential that corresponds to absorption, in gener-
alization of non-hermitian PT -symmetric optics [47–53].
In absence of the next-nearest neighbour couplings, the
extended states remain sublattice-balanced for γ < 2∆
and decay according to ImE = −γ/2; the states from
the flat band decay twice as fast (ImE = −γ), while
the point-defect state stays pinned at E = 0 and thus
remains unaffected. In the presence of additional ampli-
fication, this correspond to a topological mechanism of
mode selection for lasing [20, 21]. In our experiments, we
implement the absorption by placing elastomer patches
on the top of each A sites [23], thus inducing a uniform
absorption on the A sublattice. The selection mecha-
nism can be clearly seen in Fig. 4 where two situations
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FIG. 4. (a) Picture of the experimental set-up realizing a
dimerized Lieb lattice with identical absorption on the A sites,
again configured to support a defect state at the center. (b)
Density of state of the regular system. (c) Density of state of
the disordered system [same configuration as in Fig. 3]. The
absorption suppresses the flat-band and extended states, but
does not suppress the defect state, which remains localized
(insets).
are investigated. Fig. 4(a,b) shows the effect of the ab-
sorption on a dimerized Lieb lattice with central defect
[same configuration as in Fig. 2(d)], while Fig. 4(c) corre-
sponds to the disordered system in Fig. 3. In both cases,
the original flat band and the two dispersive bands are
considerably suppressed, while the zero mode is not af-
fected both spectrally as well as in its spatial distribution.
Therefore, absorption on the A sublattice can be used to
further enhance the spectral isolation of the defect state.
In summary, we showed that a partial breaking of chi-
ral symmetry can be employed to stabilize and isolate
point-defect zero modes in bipartite systems with flat
bands. Remarkably, the point-defect zero mode resides
on the sublattice with the smaller number of sites (the
minority sublattice), and thus displays a chiral anomaly
with an opposite sign to the flat-band states, which reside
on the majority sublattice as expected for zero modes in
systems with a chiral anomaly. The flat band states can
then be removed by breaking the symmetry on the ma-
jority sublattice, without any effects on the point-defect
zero mode. As we demonstrated experimentally in a mi-
crowave realization of a dimerized Lieb lattice with next-
nearest neighbour couplings, the remaining zero mode is
spectrally isolated and spatially localized. These features
increase the robustness of the state, which is useful for
applications in photonic mode shaping and guiding, and
also provide a route to mode selection via loss imbalance,
which can be extended to laser settings.
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